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COARSE QUOTIENTS OF METRIC SPACES AND
EMBEDDINGS OF UNIFORM ROE ALGEBRAS
BRUNO M. BRAGA
Abstract. We study embeddings of uniform Roe algebras which have
“large range” in their codomain and the relation of those with coarse
quotients between metric spaces. Among other results, we show that if
Y has property A and there is an embedding Φ : C∗u(X)→ C
∗
u(Y ) with
“large range” and so that Φ(ℓ∞(X)) is a Cartan subalgebra of C
∗
u(Y ),
then there is a bijective coarse quotient X → Y . This shows that the
large scale geometry of Y is, in some sense, controlled by the one of X.
For instance, if X has finite asymptotic dimension, so does Y .
1. Introduction
Given a metric space X, one associates to it a C∗-algebra C∗u(X), called
the uniform Roe algebra of X, which captures some of the large scale geomet-
ric properties of X (see Section 2 for precise definitions regarding uniform
Roe algebras and coarse geometry). This algebra was introduced by J. Roe
in the context of index theory of elliptical operators in noncompact manifolds
[Roe88, Roe93], but its uses have spread way beyond this field. As a sample
application, their study entered the realm of mathematical physics in the
context of topological materials and, in particular, of topological insulators.
For instance, Y. Kubota has proposed the uniform Roe algebra of Zn as a
model for disordered topological materials while E. Ewert and R. Meyer have
used its non uniform version for the same purpose (see [Kub17, EM19]). In
this context, in order to study various types of symmetries, it is important
to better understand embeddings/isomorphisms of (uniform) Roe algebra.
This paper deals with preservation of the large scale geometry of uniformly
locally finite metric spaces1 under embeddings between their uniform Roe
algebras — the study of such embeddings was initiated by I. Farah, A.
Vignati and the current author in [BFV20a]. Firstly, notice that an injective
coarse map X → Y induces a canonical embedding C∗u(X)→ C
∗
u(Y ): given
such f : X → Y , the isometric embedding uf : ℓ2(X) → ℓ2(Y ) determined
by ufδx = δf(x) gives the embedding Ad(uf ) : C
∗
u(X) → C
∗
u(Y ) ([BFV20a,
Theorem 1.2]). If f is, furthermore, a coarse embedding, then the image of Φ
Date: September 16, 2020.
1Recall, a metric space (X, d) is uniformly locally fininte if given r > 0 there is N ∈ N
so that the balls of radius r in X contains at most N-many elements. Finitely generated
groups and k-regular graphs are examples of such spaces.
1
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is a hereditary subalgebra of C∗u(Y ) and, if f is a bijective coarse equivalence,
then Φ is an isomorphism (see Figure (1)).
Bijective
coarse equivalence
//

Injective
coarse embedding
//

Injective
coarse map

Isomorphism of
uniform Roe
algebras
//
Embedding of
uniform Roe algebras
with hereditary range
//
Embedding of
uniform Roe
algebras
Figure 1. Relation between coarse properties of maps be-
tween metric spaces and embeddings of their uniform Roe
algebras
Rigidity questions for uniform Roe algebras deal with when the vertical
arrows in Figure (1) can be reversed. The first two arrows are known to
be reversable if the codomain space has G. Yu’s property A (see [WW18,
Theorem 6.13] and [BFV20a, Theorem 1.4]). As for the latter, the follow-
ing holds: under some geometric conditions on Y , (1) a rank-preserving
embedding C∗u(X) → C
∗
u(Y ) gives a uniformly finite-to-one
2 coarse map
X → Y ([BFV20a, Theorem 5.4]), and (2) a compact-preserving embedding
C∗u(X) → C
∗
u(Y ) gives a partition for X into finitely many pieces all of
which can be mapped into Y by an injective coarse map ([BFV20a, Theo-
rem 1.2]). Although those results do not give injective coarse maps, their
power comes from the fact that, for uniformly locally finite metric spaces,
the existence of uniformly finite-to-one coarse maps X → Y often implies
that X inherits large scale geometric properties of Y — among them, we
have property A, asymptotic dimension and finite decomposition complexity
([BFV20a, Corollary 1.3]).
The current paper focus on better understanding the form taken by em-
beddings C∗u(X) → C
∗
u(Y ) and on obtaining results on geometry preserva-
tion which are “opposite” to the ones mentioned above. Precisely, we are
interested in when the existence of an embedding C∗u(X)→ C
∗
u(Y ) can make
Y inherit geometric properties ofX (instead ofX inheriting properties of Y ).
Obviously, we exclude the case in which the embedding Φ : C∗u(X)→ C
∗
u(Y )
is an isomorphism from our range of interests. Indeed, if that is so, not only
Φ−1 : C∗u(Y ) → C
∗
u(X) is an embedding and the previous results apply,
but one can also obtain a coarse equivalence between X and Y under some
geometric conditions (see [SˇW13a, BF20] for precise statements). We are
then interested in non isomorphic embeddings C∗u(X)→ C
∗
u(Y ) which have
“large enough range”, forcing then the geometry of Y is “controlled” by the
one of X.
Before giving the definition of an embedding with “large enough range”,
we introduce the concept which motivated it. Recall, a surjective bounded
2Recall, a map f : X → Y is uniformly finite-to-one if supy∈Y |f
−1(n)| <∞.
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linear map between Banach spaces is called a quotient map. By the open
mapping theorem, the image of the unit ball under quotient maps contains a
ball with positive radius. With that in mind, S. Zhang extended in [Zha15]
the concept of quotient maps to the (coarse) metric space category as follows:
let X and Y be metric spaces and f : X → Y . A coarse map f is a coarse
quotient map if there is K > 0 such that for all ε > 0 there is δ > 0 so that
B(f(x), ε) ⊂ f(B(x, δ))K
for all x ∈ X, where f(B(x, δ))K is the K-neighborhood of f(B(x, δ)).3
Coarse quotients have been studied further in [BZ16, Zha18] and a weaker
notion, called weak coarse quotient map, was studied in [HW19].
Notice that coarse quotients do not need to be coarse embeddings; not
even if the map is a bijection. We refer to Subsection 2.4 for examples of
coarse quotient maps. For the time being, a quick spoiler: if G is a finite
group acting on a metric space X by coarse equivalences, then the canonical
map from X to the orbit space X/G is a coarse quotient map.
As coarse quotients are objects in between coarse maps and coarse equiva-
lences, there should be a diagram as the one in Figure 1 with coarse quotients
appearing in the middle column. More precisely, as it is automatic from the
definition that a coarse quotient f : X → Y is K-dense in Y (for K as
above), there is not much loss in generality to look at bijective coarse quo-
tients. The next definition introduces the terminology needed. Recall, the
propagation of a = [axy] ∈ B(ℓ2(X)) is defined as
prop(a) = sup{d(x, y) | axy 6= 0}.
Definition 1.1. LetX be a metric space andA ⊂ C∗u(X) be a C
∗-subalgebra.
1. Let ε, k, ℓ > 0. An element b ∈ C∗u(X) is (ε, k, ℓ)-cobounded if there
are a1, . . . , aℓ ∈ A, with ‖ai‖ ≤ ℓ, and c1, . . . , cℓ ∈ C
∗
u(X), with
prop(ci) ≤ k and ‖ci‖ ≤ ℓ, so that
∥∥∥b−
ℓ∑
i=1
ciai
∥∥∥ ≤ ε;
and b is (ε, k)-cobounded if it is (ε, k, ℓ)-cobounded for some ℓ.
2. The subalgebra A is cobounded in C∗u(X) if there is k > 0 so that
every b ∈ C∗u(X) is (ε, k)-cobounded for all ε > 0.
3. The subalgebra A is strongly-cobounded in C∗u(X) if there is k > 0 so
that every contraction b ∈ C∗u(X) is (ε, k, k)-cobounded for all ε > 0.
It is not hard to obtain nonisomorphic embeddings C∗u(X) → C
∗
u(Y )
whose images are strongly-cobounded in C∗u(Y ) and, in particular, cobounded
(see Remark 4.3).
3When extending quotient maps to metric spaces, the absense of linearity gives rise
to two distinct approaches: extend the concept taking into account the (1) large scale
geometry of the metric spaces or (2) the small scale geometry (i.e., its uniform structure).
We deal with the former in this paper. For uniform quotient maps, see [BJL+99].
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We now proceed to describe the main results of this paper. We start giving
a characterization of the existence of bijective coarse quotients X → Y in
terms of uniform Roe algebras. Notice that this characterization does not
depend on extra geometric conditions on either X or Y .
Theorem 1.2. Let X and Y be uniformly locally finite metric spaces. The
following are equivalent:
1. There is a bijective coarse quotient map X → Y .
2. There is an embedding Φ : C∗u(X) → C
∗
u(Y ) so that Φ(ℓ∞(X)) =
ℓ∞(Y ) and Φ(C
∗
u(X)) is cobounded in C
∗
u(Y ).
Theorem 1.2 should be compared with two known results: (1) X and
Y are bijectively coarsely equivalent if and only if there is an isomorphism
Φ : C∗u(X) → C
∗
u(Y ) so that Φ(ℓ∞(X)) = ℓ∞(Y ) ([BF20, Theorem 8.1]);
and (2) there is an injective coarse map X → Y if and only if there is an
embedding Φ : C∗u(X) → C
∗
u(Y ) so that Φ(ℓ∞(X)) ⊂ ℓ∞(Y ) (although not
explicitly, this follows easily from [BFV20a, Theorem 4.3 and Lemma 5.3]).
While Theorem 1.2 gives a complete characterization of the existence of
bijective coarse maps, its hypothesis are too rigid. Indeed, the demand that
Φ(ℓ∞(X)) = ℓ∞(Y ) uses too much of the structure given by a choice of basis
of ℓ2(Y ) (namely, its canonical orthonormal basis). Hence, it is interesting
to obtain results under milder conditions on the embeddings.
We have the following in the presence of G. Yu’s property A:
Theorem 1.3. Let X and Y be uniformly locally finite metric spaces, and
assume that Y has property A. If there is an embedding Φ : C∗u(X)→ C
∗
u(Y )
so that Φ(ℓ∞(X)) is a Cartan subalgebra of C
∗
u(Y ) and Φ(C
∗
u(X)) is strongly-
cobounded in C∗u(Y ), then there is a bijective coarse quotient X → Y .
Roughly speaking, property A is needed in Theorem 1.3 for three reasons:
(1) selecting a map X → Y , (2) assuring the map can be taken to be a
bijection, and (3) to guarantee that (C∗u(Y ),Φ(ℓ∞(X))) is a Roe Cartan pair.
The former can actually be obtained under milder geometric assumptions
on Y (see Theorem 1.4). As for the latter, recall that Roe Cartan pairs were
introduced by S. White and R. Willett in [WW18] as follows: a subalgebra
B ⊂ C∗u(Y ) is called coseparable if there is a countable S ⊂ C
∗
u(Y ) so
that C∗u(Y ) = C
∗(B,S). Then (C∗u(Y ), B) is a Roe Cartan pair if B is a
coseparable Cartan subalgebra of C∗u(Y ) which is isomorphic to ℓ∞(N) (see
Subsection 2.2). It is open if a Cartan subalgebra of C∗u(Y ) isomorphic to
ℓ∞(N) is automatically coseparable. However, it has been recently shown
that this is indeed the case if Y has property A ([BFV20b, Corollary 6.3]).
We now describe a version of Theorem 1.3 which holds under weaker
geometric conditions. A metric space (X, d) is sparse if there is a partition
X =
⊔
nXn into finite subsets so that d(Xn,Xm)→∞ as n+m→∞. Also,
we say that X yields only compact ghost projections if all ghost projections
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in C∗u(X) are compact.
4 The weaker geometric property which we look at is
the one of all sparse subspaces of X yielding only compact ghost projections.
This is a fairly broad property: indeed, it is not only implied by property A,
but also by coarse embeddability into ℓ2 and, more generally, by the validity
of the coarse Baum-Connes conjecture with coefficients (see [BF20, Lemma
7.3] and [BCL20, Theorem 5.3]).
The following is a version of Theorem 1.3 outside the scope of property
A. Since property A is not assumed, we loose bijectivity and coseparability
of the range is needed in the hypothesis.
Theorem 1.4. Let X and Y be uniformly locally finite metric spaces, and
assume that all sparse subspaces of Y yield only compact ghost projections. If
there is an embedding Φ : C∗u(X)→ C
∗
u(Y ) so that Φ(ℓ∞(X)) is a coseparable
Cartan subalgebra of C∗u(Y ) and Φ(C
∗
u(X)) is strongly-cobounded in C
∗
u(Y ),
then there is a uniformly finite-to-one coarse quotient X → Y .
Theorem 1.4 can be applied to obtain restrictions to the geometry of Y .
Without getting into details, we mention that the next result is a corollary
of Theorem 1.4 and results on the “coarse version” of a function X → Y
being n-to-1. Precisely, we show that a uniformly finite-to-one coarse quo-
tient X → Y between uniformly locally finite metric spaces is automatically
coarsely n-to-1 for some n ∈ N (see Definition 3.2 and Proposition 3.3).
Corollary 1.5. Let X and Y be uniformly locally finite metric spaces, and
assume that all sparse subspaces of Y yield only compact ghost projections.
Suppose there is an embedding Φ : C∗u(X) → C
∗
u(Y ) so that Φ(ℓ∞(X)) is a
coseparable Cartan subalgebra of C∗u(Y ) and Φ(C
∗
u(X)) is strongly-cobounded
in C∗u(Y ). Then:
1. If X has finite asymptotic dimension, so does Y .
2. If X has property A, so does Y .
3. If X has asymptotic property C, so does Y .
4. If X has straight finite decomposition complexity, so does Y .
In Section 5, we provide formulas for strongly continuous embeddings
between uniform Roe algebras (see Theorems 5.3 and 5.5). Precisely, all
isomorphisms Φ : C∗u(X) → C
∗
u(Y ) between uniform Roe algebras are
spacially implemented, i.e., there is a unitary u : ℓ2(X) → ℓ2(Y ) so that
Φ = Ad(u) ([SˇW13a, Lemma 3.1]). This was later generalized for embed-
dings Φ : C∗u(X)→ C
∗
u(Y ) onto a hereditary subalgebra of C
∗
u(Y ) ([BFV20a,
Lemma 6.1]). Notice that spacially implemented embeddings are automat-
ically strongly continuous and rank-preserving. We generalize the two re-
sults above by showing that an embedding C∗u(X) → C
∗
u(Y ) is spacially
implemented if and only if it is strongly continuous and rank-preserving,
see Theorem 5.3 (two other characterizations of such embeddings in terms
4Recall, an operator a = [axy] ∈ B(ℓ2(X)) is called a ghost if for all ε > 0 there is a
finite A ⊂ X so that |axy | < ε for all x, y 6∈ A (see Subsection 2.1 for details).
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of compact operators are also given). Moreover, we prove an equivalent re-
sult for strongly continuous embeddings C∗u(X) → C
∗
u(Y ) which send rank
1 operators to rank n operators, where n ∈ N ∪ {∞}, see Theorem 5.5.
We finish the paper stating some natural problems which are left open;
see Section 6.
2. Preliminaries
2.1. Uniform Roe algebras. Given a Hilbert space H, B(H) denotes the
C∗-algebra of bounded operators on H and K(H) denotes its ideal of com-
pact operators. Given a set X, (δx)x∈X denotes the standard unit basis
of the Hilbert space ℓ2(X) and 1X denotes the identity on ℓ2(X). Given
x, y ∈ X, exy denotes the partial isometry in B(ℓ2(X)) so that exyδx = δy
and exyδz = 0 for all z 6= x. Given A ⊂ X, we write χA = SOT-
∑
x∈X exx;
so 1X = χX .
If (X, d) is a metric space, a ∈ B(ℓ2(X)) and r > 0, we say that the
propagation of a is at most r, and write prop(a) ≤ r, if
d(x, y) > r implies 〈aδx, δy〉 = 0, for all x, y ∈ X.
The support of a is defined by
supp(a) =
{
(x, y) ∈ X ×X | 〈aδx, δy〉 6= 0
}
.
Given a metric space (X, d), the subset of all operators in B(ℓ2(X)) with
finite propagation is a ∗-algebra called the algebraic uniform Roe algebra
of X, denoted by C∗u[X]. The closure of C
∗
u[X] is a C
∗-algebra called the
uniform Roe algebra of X, denoted by C∗u(X).
Instead of presenting the original definition of property A, we give a def-
inition in terms of ghost operators which is better suited for our goals:
Definition 2.1. Let X be a uniformly locally finite metric space.
1. An operator a ∈ B(ℓ2(X)) is called a ghost if for all ε > 0 there is a
finite A ⊂ X so that
|〈aδx, δy〉| ≤ ε for all x, y ∈ X \ A.
2. The metric space X has property A if all ghost operators in C∗u(X)
are compact (see [RW14, Theorem 1.3]).
We recall the notions of coarse-likeness introduced in [BF20].
Definition 2.2. Let X and Y be a metric space.
1. Given ε > 0 and r > 0, an operator a ∈ B(ℓ2(X)) can be ε-r-
approximated (equivalently, a is ε-r-approximable) if there is b ∈
C∗u(X) with prop(b) ≤ r so that ‖a− b‖ ≤ ε.
2. A map Φ : C∗u(X) → C
∗
u(Y ) is coarse-like if for all ε, s > 0 there
is r > 0 so that Φ(a) can be ε-r-approximated for all contractions
a ∈ C∗u(X) with prop(a) ≤ s.
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The following is a simple consequence of [BF20, Lemma 4.9] (see [BFV20a,
Proposition 3.3] for a precise proof; cf. [BF20, Theorem 4.4]).5
Theorem 2.3. Let X and Y be uniformly locally finite metrics spaces and
Φ : C∗u(X) → C
∗
u(Y ) be a strongly continuous linear operator. Then Φ is
coarse-like.
2.2. Roe Cartan pairs. Recall, given a C∗-algebra A, a C∗-subagebra B ⊂
A is called a Cartan subalgebra of A if
1. B is a maximal abelian self-adjoint subalgebra of A,
2. B contains an approximate unit for A,
3. the normalizer of B in A, i.e., {a ∈ A | aBa∗,⊂ a∗Ba ⊂ B}, generates
A as a C∗-algebra, and
4. there is a faithful condition expectation A→ B.
If X is a u.l.f. metric space, then ℓ∞(X) is a Cartan subalgebra of C
∗
u(X)
[WW18, Proposition 4.10].
Let A be a unital C∗-algebra and B ⊂ A be a Cartan subalgebra of A.
We say that (A,B) is Roe Cartan pair if
1. A contains the algebra of compact operators on a infinite dimensional
Hilbert space as an essential ideal,
2. B is isomorphic to the C∗-algebra ℓ∞(N), and
3. B is co-separable in A, i.e., there is a countable S ⊂ A so that A =
C∗(B,S).
Roe Cartan pairs were recently introduced to the literature in [WW18].
Notice that, as ℓ∞(X) is a Cartan subalgebra of C
∗
u(X), it is clear that
(C∗u(X), ℓ∞(X)) is a Roe Cartan pair for any u.l.f. metric space X. More-
over, we notice that it is not known whether co-separability is a necessary
property. Precisely, if (C∗u(X), B) satisfies (2), it is not known whether B is
automatically co-separable. By [BFV20b, Corollary 6.3], this is indeed the
case if X has property A.
The importance of Roe Cartan pairs to our goals lies in the following
theorem:
Theorem 2.4 (Theorem B of [WW18]). Let (A,B) be a Roe Cartan pair.
Then there is a u.l.f. metric space X and an isomorphism Φ : A → C∗u(X)
so that Φ(B) = ℓ∞(X).
2.3. Coarse geometry. Given a metric space (X, d), x ∈ X and ε > 0,
we denote by B(x, ε) the closed unit ball centered at x of radius ε. Given a
subset A ⊂ X and K > 0, we write
AK =
{
x ∈ X | d(x,A) ≤ K
}
.
5The hypothesis of [BFV20a, Proposition 3.33] actually demand Φ to be compact-
preserving. However, this is so as its proof used an earlier version of [BF20, Lemma 4.9]
which required compactness. The (newer) published version of [BF20, Lemma 4.9] does
not do so, hence the proof of [BFV20a, Proposition 3.33] holds for noncompact preserving
Φ’s.
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A metric space (X, d) is called uniformly locally finite, u.l.f. for short, if
supx∈X |B(x, r)| < ∞ for all r > 0, where |B(x, r)| denotes the cardinality
of B(x, r).
Let (X, d) and (Y, ∂) be metric spaces and f : X → Y be a map. The
modulus of uniform continuity of f is defined by
ωf (t) =
{
∂(f(x), f(y)) | d(x, y) ≤ t
}
for t ≥ 0. Then f is called coarse if ωf (t) <∞ for all t ≥ 0. Given another
map g : X → Y , we say that f is close to g, and write f ∼ g, if
sup
x∈X
∂(f(x), g(x)) <∞.
The map f is a coarse equivalence if f is coarse and there is a coarse map
h : Y → X so that f ◦ h ∼ IdY and h ◦ f ∼ IdX .
Given K > 0, we say that f is K-co-coarse if for all ε > 0 there is δ > 0
so that
B(f(x), ε) ⊂ f
(
B(x, δ)
)K
for all x ∈ X. The map f is co-coarse if it is K-co-coarse for some K > 0.
If f is both coarse and co-coarse, f is a coarse quotient.
Proposition 2.5. Let (X, d) and (Y, ∂) be metric spaces and f, g : X → Y
be close maps. If f is a coarse quotient, so is g.
Proof. Coarseness is well-known to be preserved under closeness. Moreover,
if m = supx∈X ∂(f(x), g(x)) and K > 0 is so that f is K-co-coarse, then it
is straightforward to check that g is (K +m)-co-coarse. 
From now on, we assume throughout the paper that d and ∂ are the
metrics on X and Y , respectively.
2.4. Examples of coarse quotients. Firstly, notice that every coarse
equivalence is a coarse quotient map ([Zha15, Proposition 2.5]). But coarse
equivalences are far from the only examples of coarse quotient maps. For
instance, given n,m ∈ N with n < m, the standard projection q : Zm → Zn
is clearly a coarse quotient map (and clearly not a coarse equivalence). The
map f : Z → N given by f(n) = 2n for n ∈ N and f(n) = −2n + 1 for all
n ∈ Z \N is also a coarse quotient. In this case, f is a bijective coarse quo-
tient which is not a coarse embedding/equivalence. Similar constructions
give us bijective coarse quotients Zn → Nn for all n ∈ N.
More generally, group actions give us natural examples of coarse quotient
maps. Precisely, let (X, d) be a discrete metric space and G be a group
acting on X. We say that G acts on X uniformly by coarse equivalences
if each g ∈ G acts on X by a coarse equivalence and if there is a map
ω : [0,∞)→ [0,∞) so that
d(g · x, g · y) ≤ ω(d(x, y))
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for all x, y ∈ X and all g ∈ G. If G is a finite group which acts on X by
coarse equivalences, then it is automatic that G acts on X uniformly by
coarse equivalences.
Given G y X, denote the orbit space of this action by X/G, i.e., define
an equivalence ∼G on X by letting x ∼G y if there is g ∈ G with g · y = x
and X/G is the set of ∼G-equivalence classes. The coarse structure of X
induces a coarse structure on X/G. Precisely, we can endow X/G with the
metric
∂([x], [y]) = min
{
sup
x′∈[x]
inf
y′∈[y]
d(x′, y′), sup
y′∈[y]
inf
x′∈[x]
d(x′, y′)
}
for all [x], [y] ∈ X/G. As X is discrete, ∂ is clearly a metric on X/G. Let
q : X → X/G be the quotient map. If G acts on X uniformly by coarse
equivalences, then it is straightforward to check that q is a coarse quotient
map. The coarse geometry of those spaces was studied in [HW19].
3. Coarse quotients and geometry preservation
Coarse properties are those mathematical properties of metric spaces
which are preserved under coarse equivalence. Some large scale proper-
ties are also stable under coarse embeddings, i.e., if X coarsely embeds into
Y and Y has such property, then so does X. Moreover, for u.l.f. metric
spaces, it is also known that some large scale properties are stable under the
existence of uniformly finite-to-one coarse maps — for instance, this holds
for property A, asymptotic dimension and finite dimension decomposition,
see [BFV20a, Proof of Corollary 1.3, Proposition 2.5, and Corollary 5.8].
In this section, we show that the “opposite” phenomena can happen for
uniformly finite-to-one coarse quotient maps X → Y . Precisely, we show
that the existence of such maps is often enough so that large scale geometric
properties of X passes to Y . This is the case for finite asymptotic dimen-
sion, straight finite decomposition complexity, asymptotic property C, and
property A (Corollary 3.7).
We start noticing that compositions of coarse quotients are coarse quo-
tients. This is essentially done in [Zha15, Proposition 2.5], but we include a
short proof for the reader’s convenience.
Proposition 3.1. Let X, Y and Z be metric spaces, and f : X → Y and
g : Y → Z be a coarse quotient maps. Then g ◦ f is a coarse quotient. In
particular, g ◦ f is a coarse quotient map given that f is a coarse quotient
map and g is a coarse equivalence.
Proof. If both f and g are coarse quotient maps, both are coarse and so is
their composition. We are left to show that g ◦ f is co-coarse. For that,
fix K > 0 so that f and g are K-co-coarse. Given ε > 0, let δ > 0 be
so that B(g(y), ε) ⊂ g(B(y, δ))K for all y ∈ Y , and let γ > 0 be so that
B(f(x), δ) ⊂ f(B(x, γ))K for all x ∈ X. Then, for L = K +ωg(K), we have
B(g ◦ f(x), ε) ⊂ g(B(f(x), δ))K ⊂ g(f(B(y, γ))K)K ⊂ g(f(B(y, γ)))L
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for all x ∈ X. Hence the assignment ε 7→ γ witness that g ◦ f is L-co-
coarse. 
Our main tool in order to obtain coarse geometry preservation, is based
on the next concept. This was introduced in [MV13, Subsection 3.2] as
property “Bn” and it is the “coarse version” of a function being n-to-1.
Definition 3.2. Let X and Y be metric spaces. Given f : X → Y and
n ∈ N, we say that f is coarsely n-to-1 if for each s > 0 there is r > 0
so that for all B ⊂ Y , with diam(B) ≤ s, there are A1, . . . , An ⊂ X, with
diam(Ai) ≤ r for all i ∈ {1, . . . , n}, so that f
−1(B) ⊂
⋃n
i=1Ai. The map
f : X → Y is called uniformly coarsely finite-to-one if f is coarsely n-to-1
for some n ∈ N.
The next proposition is the main result of this section.
Proposition 3.3. Let X be a metric space and Y be a u.l.f. metric space.
Any uniformly finite-to-one coarse quotient map X → Y is uniformly coarsely
finite-to-one.
We need a couple of preliminary results before proving Proposition 3.3.
We start by noticing that “coarsely n-to-1” is a coarse property for maps
between metric spaces.
Proposition 3.4. Let X and Y be metric spaces and f, g : X → Y be close
maps. Given n ∈ N, if f is coarsely n-to-1, so is g.
Proof. As f and g are close, let k = supx∈X ∂(f(x), g(x)) < ∞. Given
s > 0, let r > 0 be as in Definition 3.2 for s+2k, f and n. Fix B ⊂ Y with
diam(B) ≤ s. As diam(Bk) ≤ s+ 2k, our choice of r gives A1, . . . , An ⊂ X,
with diam(Ai) ≤ r for all i ∈ {1, . . . , n}, so that f
−1(Bk) ⊂
⋃n
i=1Ai. Then
g−1(B) ⊂
⋃n
i=1Ai. 
Lemma 3.5. Let X be a metric space and Y be a u.l.f. metric space. Any
injective coarse quotient X → Y is uniformly coarsely finite-to-one.
Proof. Let f : X → Y be an injective coarse quotient map. Without loss of
generality, assume that f is surjective. Fix K > 0 so that f is K-co-coarse
and let m = supy∈Y |B(y,K)|. Let us show that f is coarsely m-to-1. Fix
ε > 0. By our choice of K, there is δ = δ(ε) > 0 so that
B(f(x), 2ε) ⊂ f
(
B(x, δ)
)K
for all x ∈ X.
Fix y ∈ Y . We construct a finite sequence (xi)i of elements of X by
induction as follows. Pick x1 ∈ X so that f(x1) ∈ B(y, ε). Let ℓ ∈ N and
assume that x1, . . . , xℓ ∈ X have been chosen. If
B(y, ε) ⊂
ℓ⋃
i=1
f
(
B(xi, 3δ)
)
,
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we stop the procedure and (xi)
ℓ
i=1 is the outcome of it. If not, then pick
xℓ+1 ∈ X so that
f(xℓ+1) ∈ B(y, ε) \
ℓ⋃
i=1
f
(
B(xi, 3δ)
)
.
This completes the induction. As B(y, ε) contains finitely many elements,
this procedure is finite.
Let (xi)
ℓ
i=1 be the finite sequence obtained by the procedure above. Let us
show that ℓ ≤ m. Assume by contradiction that ℓ > m and let z = f(xm+1).
As each f(xi) belongs to B(y, ε), we have that ∂(z, f(xi)) ≤ 2ε for all
i ∈ {1, . . . , ℓ}. Hence, by our choice of δ, there is a finite sequence (wi)
m
i=1
in X so that d(xi, wi) ≤ δ and ∂(z, f(wi)) ≤ K for all i ∈ {1, . . . ,m}.
By the construction of (xi)
ℓ
i=1, f(xi) 6∈ f(B(xj, 3δ)) for j < i. Hence,
d(xi, xj) > 3δ for all i 6= j, which implies that (wi)
m
i=1 is a distinct sequence.
As f is injective, (f(wi))
m
i=1 is a distinct sequence. As z 6∈
⋃m
i=1 f(B(xi, 3δ)),
{z, f(w1), . . . , f(wm)} is a subset of B(z,K) with m + 1 elements. This
contradicts our choice of m.
As ℓ = m, B(y, ε) ⊂
⋃m
i=1 f(B(xi, 3δ)). As f is injective, this implies that
f−1(B(y, ε)) ⊂
m⋃
i=1
B(xi, 3δ).
As y was arbitrary, the assignment ε 7→ 3δ(ε) witness that f is a coarsely
m-to-1 map. 
Lemma 3.6. Let X and Y be metric spaces, and f : X → Y be a uniformly
finite-to-one map. If Y is u.l.f., then there is a u.l.f. metric space Z, with
Y ⊂ Z, and an injective map g : X → Z which is close to f . Moreover, the
inclusion Y →֒ Z is a coarse equivalence.
Proof. Let n = supy∈Y |f
−1(y)|. Let Z = Y ×{1, . . . , n} and define a metric
∂Z on Z by letting
∂Z((y, i), (z, j)) = ∂(y, z) + 1
for all distinct (y, i), (z, j) ∈ Z. As (Y, ∂) is u.l.f., so is (Z, ∂Z). For
each y ∈ Y , enumerate f−1(y), say f−1(y) = {xy1, . . . , x
y
i(y)}. As X =⊔
y∈Y {x
y
1, . . . , x
y
i(y)}, we can define a map g : X → Z by letting g(x
y
j ) = (y, j)
for all y ∈ Y and all j ∈ {1, . . . , i(y)}. It is clear that f is close to g and
that Y × {1} →֒ Z is a coarse equivalence. By identifying Y with Y × {1},
we can assume that Y ⊂ Z. 
Proof of Proposition 3.3. Let f : X → Y be a uniformly finite-to-one coarse
quotient map. Let Z and g be given Lemma 3.6 applied to f : X → Y .
As the inclusion i : Y →֒ Z is a coarse equivalence, f = i ◦ f : X → Z is
a coarse quotient map (Proposition 3.1). Hence, as f is close to g, g is a
coarse quotient map (Proposition 2.5). As g is injective, Lemma 3.5 gives
us that g is uniformly coarsely finite-to-one. Using that f and g are close to
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each other once again, this shows that f is uniformly coarsely finite-to-one
(Proposition 3.4). 
We can now use Proposition 3.3 in order to obtain that some coarse
properties of X passes to Y in the presence of a uniformly finite-to-one
coarse quotient map X → Y . For brevity, we do not introduce the geometric
properties mentioned in the corollary below. Instead, we refer the reader to
[NY12, Definitions 2.2.1 and 2.7.7] and [DZ14, Definition 2.2].
Corollary 3.7. Let X and Y be metric spaces, assume that Y is u.l.f. and
that there is a uniformly finite-to-one coarse quotient map X → Y . The
following holds:
1. If X has finite asymptotic dimension, so does Y .
2. If X has property A, so does Y .
3. If X has asymptotic property C, do does Y .
4. If X has straight finite decomposition complexity, so does Y .
Proof. (1) This follows from Proposition 3.3 and [MV13, Theorem 1.4].
(2) This follows from Proposition 3.3 and and [DV16, Corollary 7.5].
(3) This follows from Proposition 3.3 and [DV16, Theorem 6.2].
(4) This follows from Proposition 3.3 and [DV16, Theorem 8.4 and The-
orem 8.7]. 
4. Cobounded embeddings between uniform Roe algebras
In this section, we study embeddings into uniform Roe algebras whose
images are “large”. We obtain that such embeddings can often be enough
to guarantee the existence of coarse quotient maps between the spaces. The-
orems 1.2, 1.3, 1.4, and Corollary 1.5 are proven in this section.
The next proposition is well known and its proof can be found for instance
in [BF20, Proposition 2.4]. Recall, given K > 0, a subset A of a metric space
X is called K-separated if d(x, y) ≥ K for all distinct x, y ∈ A.
Proposition 4.1. Let X be a u.l.f. metric space. Given any K > 0, there
is n ∈ N and a partition
X = X1 ⊔X2 ⊔ . . . ⊔Xn
so that each Xi is K-separated.
Proposition 4.2. Let X and Y be u.l.f. metric spaces, and f : X → Y
be an injective map so that f : X → f(X) is a coarse quotient map. Then
there is a spacially implemented embedding Φ : C∗u(X) → C
∗
u(Y ) so that
Φ(ℓ∞(X)) = ℓ∞(f [X]) and Φ(C
∗
u(X)) is cobounded in C
∗
u(f [X]).
Proof. Let uf : ℓ2(X)→ ℓ2(Y ) be the isometric embedding given by ufδx =
δf(x) for all x ∈ X. Then it is easy to see that Φ = Ad(uf ) : C
∗
u(X)→ C
∗
u(Y )
is an embedding (see [BFV20a, Theorem 1.2] for a detailed proof). Since it
is clear that Φ(ℓ∞(X)) = ℓ∞(f [X]), we only need to notice that Φ(C
∗
u(X))
is cobounded in C∗u(f [X]).
COARSE QUOTIENTS AND UNIFORM ROE ALGEBRAS 13
Fix K > 0 so that f is K-co-bounded and let Z = f [X]. Fix ε > 0 and
let a ∈ C∗u[Z] with prop(a) ≤ ε. Without loss of generality, assume ε > K.
By our choice of K, there is δ > 0 so that
B(f(x), ε) ⊂ f
(
B(x, δ)
)K
for all x ∈ X. As Y is u.l.f., there is n = n(ε, Y ) ∈ N and a partition
Z =
⊔n
i=1 Zi so that each Zi is 3ε-separated (Proposition 4.1). For each
(i, j) ∈ {1, . . . , n}2, let a(i, j) = χZiaχZj .
Fix i, j ∈ {1, . . . , n}. For simplicity, let b = a(i, j). Clearly, prop(b) ≤
prop(a) ≤ ε. Hence, as Zi and Zj are 3ε-separated, there are 3ε-separated
sequences (yn)n and (y
′
n)n in Z so that
b =
∑
n∈N
bneyny′n where bn = 〈bδyn , δy′n〉 for all n ∈ N.
In particular, ∂(yn, y
′
n) ≤ ε for all n ∈ N. As f : X → Z is bijective, fix a
sequence (xn)n of distinct elements in X so that f(xn) = yn for all n ∈ N.
By our choice of δ, for each n ∈ N, there are zn ∈ X so that d(xn, zn) ≤ δ
and ∂(f(zn), y
′
n) ≤ K. As (y
′
n)n is 3ε-separated and K < ε, it follows that
(f(zn))n is a sequence of distinct elements and, as f is injective, so is (zn)n.
In particular, c = SOT-
∑
n∈N bnexnzn is well defined and, as prop(c) ≤ δ,
c ∈ C∗u(X). Similarly, d = SOT-
∑
n∈N ef(zn)y′n is also well defined and it
has propagation at most K.
Notice that b = dΦ(c). As ε > 0 and i, j ∈ {1, . . . , n} were arbitrary, we
are done. 
Remark 4.3. Notice that if f : Z → N is the bijective coarse quotient given
by f(n) = 2n for n ∈ N and f(n) = −2n+1 for n ∈ Z\N, then Φ = Ad(uf )
is actually strongly-cobounded. Indeed, let I and P denote the odd and
even natural numbers, respectively. Then any a ∈ C∗u(Y ) can be written as
a = χIaχI + χPaχP + χPaχI + χIaχP .
Clearly, χIaχI , χPaχP ∈ Φ(C
∗
u(Z)). Let g : P → I be the bijection
given by g(n) = n − 1 for all n ∈ P , and let c = SOT-
∑
n∈P eng(n); so
prop(c) = 1. Moreover, it is clear that cχPaχI , c
∗χIaχP ∈ Φ(C
∗
u(Z)). As
χPaχI = c
∗cχPaχI and χIaχP = cc
∗χPaχI , it easily follows that Φ(C
∗
u(Z))
is strongly-cobounded in C∗u(N).
We do not know if an arbitrary bijective coarse quotient X → Y is enough
to produce an embedding Φ : C∗u(X) → C
∗
u(Y ) with strongly-cobounded
range (see Problem 6.3).
For the next technical lemma, we introduce a weakening of Definition 1.1.
Definition 4.4. LetX be a metric space and let A1 ⊂ A2 be C
∗-subalgebras
of C∗u(X). Given ε > 0, the algebra A1 is called ε-almost cobounded in A2
if there is k > 0 so that for all b ∈ A2 there are a1, . . . , aℓ ∈ A1 and
14 B. M. BRAGA
c1, . . . , cℓ ∈ A2, with prop(ci) ≤ k, so that
∥∥∥b−
ℓ∑
i=1
ciai
∥∥∥ ≤ ε.
Lemma 4.5. Let X and Y be u.l.f. metric spaces, Φ : C∗u(X) → C
∗
u(Y )
be an embedding so that Φ(ℓ∞(X)) ⊂ ℓ∞(Y ) and Φ(exx) has rank 1 for all
x ∈ X. Let Z ⊂ Y be a subset so that
χZ = SOT-
∑
x∈X
Φ(exx).
Assume that Φ(C∗u(X)) is ε-almost cobounded in χZC
∗
u(Y )χZ for some ε ∈
(0, 1). Then there exists a bijective coarse quotient map X → Z.
Proof. As Φ is a ∗-homomorphism, the hypothesis imply that each Φ(exx)
is a projection of rank 1 in ℓ∞(Z). Hence, for each x ∈ X there is yx ∈ Z so
that Φ(exx) = eyxyx . Define a map f : X → Y by letting f(x) = yx for each
x ∈ X. Notice that Z = f(X). Also, the map f is clearly injective, and, by
[BFV20a, Lemma 5.3], it is also coarse.6
We now show that f : X → Z is co-coarse. For that, fix ε ∈ (0, 1) and
k ∈ N which witness that Φ(C∗u(X)) is ε-almost cobounded in χZC
∗
u(Y )χZ .
Assume for a contradiction that f is not k-co-coarse. Hence, there exists
γ > 0 and sequences (xn)n and (yn)n in X so that
1. ∂(f(xn), f(yn)) ≤ γ for all n ∈ N, and
2. for all z ∈ X, ∂(f(yn), f(z)) ≤ k implies d(xn, z) ≥ n.
Without loss of generality, by going to a subsequence, we can assume that
f(xn) 6= f(xm) and f(yn) 6= f(ym) for all n 6= m. Indeed, if this is not the
case, then there is an infinite N ⊂ N so that either f(xn) = f(xm), for all
n,m ∈ N , or f(yn) = f(ym), for all n,m ∈ N . Then (1) and u.l.f.-ness of Y
imply that, going to a further infinite subset of N if necessary, we can assume
that f(xn) = f(xm) and f(yn) = f(ym), for all n,m ∈ N . As f is injective,
there is x, y ∈ X so that x = xn and y = yn for all n ∈ N . However, (2)
implies that d(x, y) = d(xn, yn) ≥ n for all n ∈ N ; contradiction.
As f(xn) 6= f(xm) and f(yn) 6= f(ym) for all n 6= m in N , (1) above
implies that
∑
n∈N ef(xn)f(yn) converges in the strong operator topology and
it belongs to C∗u(Y ). By our choice of k, there are a1, . . . , aℓ ∈ C
∗
u(X) and
c1, . . . , cℓ ∈ χZC
∗
u(Y )χZ , with prop(ci) ≤ k, so that
∥∥∥χZ
(∑
n∈N
ef(xn)f(yn)
)
χZ −
ℓ∑
i=1
ciΦ(ai)
∥∥∥ ≤ ε.
6Notice that, although not explicit in the statement, the only assumption needed in
order for [BFV20a, Lemma 5.3] to hold for Φ is that Φ(exx) has rank 1 for all x ∈ X.
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Hence, we have that, for all n ∈ N ,
∥∥∥ef(yn)f(yn)
( ℓ∑
i=1
ciΦ(ai)
)
ef(xn)f(xn)
∥∥∥
≥
∥∥∥ef(yn)f(yn)χZ
(∑
i∈N
ef(xi)f(yi)
)
χZef(xn)f(xn)
∥∥∥− ε
=
∥∥∥ef(xn)f(yn)‖ − ε
= 1− ε.
For each n ∈ N , let Bn = B(f(yn),K) ∩ Z and let An = f
−1(Bn).
As each ci has propagation at most k and supp(ci) ⊂ Z × Z, we have that
ef(yn)f(yn)ci = ef(yn)f(yn)ciχBn for all n ∈ N and all i ∈ {1, . . . , ℓ}. Therefore,
as Φ(χAn) = χBn , we have that
∥∥∥ef(yn)f(yn)
( ℓ∑
i=1
ciΦ(ai)
)
ef(xn)f(xn)
∥∥∥
=
∥∥∥
ℓ∑
i=1
ef(yn)f(yn)ciχBnΦ(ai)ef(xn)f(xn)
∥∥∥
=
∥∥∥
ℓ∑
i=1
ef(yn)f(yn)ciΦ(χAn)Φ(ai)Φ(exnxn)
∥∥∥
≤ max
i
‖ci‖
ℓ∑
i=1
‖χAnaiexnxn‖
for all n ∈ N . By going to a subsequence, a simple pigeonhole argument
allow us to assume that, for some i ∈ {1, . . . , ℓ}, we have
inf
n∈N
‖χAnaiexnxn‖ > 0.
By the definition of (An)n and (2) above, we have that limn d(xn, An) =∞.
This, together with the previous inequality, contradicts the fact that ai ∈
C∗u(X). 
Theorem 4.6. Let X and Y be uniformly locally finite metric. The follow-
ing are equivalent:
1. There is a bijective coarse quotient map X → Y .
2. There is an embedding Φ : C∗u(X) → C
∗
u(Y ) so that Φ(ℓ∞(X)) =
ℓ∞(Y ) and Φ(C
∗
u(X)) is cobounded in C
∗
u(Y ).
3. There is ε ∈ (0, 1) and an embedding Φ : C∗u(X) → C
∗
u(Y ) so that
Φ(ℓ∞(X)) = ℓ∞(Y ) and Φ(C
∗
u(X)) is ε-almost cobounded in C
∗
u(Y ).
Proof. (1)⇒(2) This follows from Proposition 4.2.
(2)⇒(3) This is straightforward.
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(3)⇒(1) As Φ is a ∗-homomorphism, each Φ(exx) is a projection. Hence,
as the restriction Φ ↾ ℓ∞(X) : ℓ∞(X) → ℓ∞(Y ) is an isomorphism, Φ(exx)
has rank 1 for each x ∈ X. Moreover, this isomorphism also implies that
1Y = SOT-
∑
x∈X Φ(exx). So, the result now follows from Lemma 4.5 
Proof of Theorem 1.2. This follows from Theorem 4.6. 
We are ready to prove Theorem 1.3 and Theorem 1.4. Since our proofs
give us slightly stronger results than the ones stated in Section 1, we need
the following more general version of Definition 1.1(3).
Definition 4.7. Let X be a metric space and let A1 ⊂ A2 be a C
∗-
subalgebra of C∗u(X). We say that A1 is strongly-cobounded in A2 if there
is k ∈ N so that for all ε > 0 and all contractions b ∈ A2, there are
a1, . . . , ak ∈ A1, with ‖ai‖ ≤ k, and c1, . . . , ck ∈ A2, with prop(ci) ≤ k
and ‖ci‖ ≤ k, so that ∥∥∥b−
k∑
i=1
ciai
∥∥∥ ≤ ε.
We now prove the main theorem of this section. Theorem 1.3 and Theo-
rem 1.4 will follow from it.
Theorem 4.8. Let X and Y be u.l.f. metric spaces, and assume that Y
has property A. Suppose there is an embedding Φ : C∗u(X) → C
∗
u(Y ) and a
hereditary C∗-subalgebra A of C∗u(Y ) so that (A,Φ(ℓ∞(X))) is a Roe Cartan
pair and Φ(C∗u(X)) is strongly-cobounded in A. Then there is Z ⊂ Y and a
bijective coarse quotient X → Z.
Proof. Fix Φ : C∗u(X) → C
∗
u(Y ) and A ⊂ C
∗
u(Y ) as above. By hypothesis,
(A,Φ(ℓ∞(X))) is a Roe Cartan pair, so Theorem 2.4 implies that there
is a u.l.f. metric space Z and an isomorphism Ψ : C∗u(Z) → A so that
Ψ(ℓ∞(Z)) = Φ(ℓ∞(X)). Let Θ = Ψ
−1 ◦ Φ, so Θ : C∗u(X) → C
∗
u(Z) is an
embedding so that Θ(ℓ∞(X)) = ℓ∞(Z).
Claim 4.9. Given ε > 0, Θ(C∗u(X)) is ε-almost cobounded in C
∗
u(Z).
Proof. Let ε > 0. Fix k ∈ N which witness that Φ(C∗u(X)) is strongly-
cobounded in A and let δ = ε/(k3 + 1). As A is a hereditary subalgebra of
C∗u(Y ), [BFV20a, Lemma 6.1] gives an isometric embedding u : ℓ2(Z) →
ℓ2(Y ) so that Ψ = Ad(u). As Ad(u
∗) : C∗u(Y ) → C
∗
u(Z) is compact-
preserving and strongly continuous, Theorem 2.3 implies that Ad(u∗) is
coarse-like. Notice that Ψ−1 = Ad(u∗) ↾ A. So, coarse-likeness gives
R > 0 so that Ψ−1(c) is δ-R-approximable for all contractions c ∈ A with
prop(c) ≤ k.
Let b ∈ C∗u(Z). By our choice of k, there are a1, . . . , ak ∈ C
∗
u(X), with
‖ai‖ ≤ k, and c1, . . . , ck ∈ A, with prop(ci) ≤ k and ‖ci‖ ≤ k, and so that
∥∥∥Ψ(b)−
k∑
i=1
ciΦ(ai)
∥∥∥ ≤ δ.
COARSE QUOTIENTS AND UNIFORM ROE ALGEBRAS 17
For each i ∈ {1, . . . , k}, let di ∈ C
∗
u(Z) be so that prop(di) ≤ R and∥∥Ψ−1(ci)− ‖ci‖di∥∥ ≤ δ‖ci‖.
Then
∥∥∥b−
k∑
i=1
‖ci‖diΘ(ai)
∥∥∥
≤
∥∥∥b−
k∑
i=1
Ψ−1(ciΦ(ai))
∥∥∥ +
∥∥∥
k∑
i=1
Ψ−1(ci)Θ(ai)−
k∑
i=1
‖ci‖diΘ(ai)
∥∥∥
≤
∥∥∥Ψ(b)−
k∑
i=1
ciΦ(ai)
∥∥∥+
k∑
i=1
∥∥Ψ−1(ci)− ‖ci‖di∥∥ · ‖ai‖
≤ δ + δk3.
By our choice of δ, we are done. 
As Θ(ℓ∞(X)) = ℓ∞(Z), the previous claim and Theorem 4.6 imply that
there is a bijective coarse quotient map f : X → Z. As Y has property A and
A is a hereditary subalgebra of C∗u(Y ), [BFV20a, Theorem 1.4] gives us an
injective coarse embedding g : Z → Y . By Proposition 3.1, g◦f : X → g(Z)
is a coarse quotient. So we are done. 
Proof of Theorem 1.3. If Y has property A, then C∗u(Z) is isomorphic to
C∗u(Y ) if and only if Z and Y are bijectively coarsely equivalent [WW18,
Corollary 6.13]. Therefore, the result follows by running the proof of The-
orem 4.8 for A = C∗u(Y ), and using [WW18, Corollary 6.13] instead of
[BFV20a, Theorem 1.4] in the last paragraph of the proof. Indeed, the map
g : Z → Y obtained at the end of the proof of Theorem 4.8 becomes a
bijection, and so does the coarse quotient g ◦ f : X → Y 
Proof of Theorem 1.4. If the sparse subspaces of Y yield only compact ghost
prohections, then an isomorphism between C∗u(Z) and C
∗
u(Y ) implies that
Y and Z are coarsely equivalent (this follows form the proof of [BFV20a,
Theorem 1.4 and Corollary 1.5]; equivalently, this is given by [BCL20, The-
orem 1.3]). The result then follows by running the proof of Theorem 4.8 for
A = C∗u(Y ) and the result above instead of [BFV20a, Theorem 1.4] in the
last paragraph of the proof. 
Proof of Corollary 1.5. This follows straightforwardly from Theorem 1.4 and
Corollary 3.7 
5. Characterization of spacially implemented embeddings
The study of embeddings between uniform Roe algebras is highly depen-
dent on the embeddings being spacially implemented or strongly continuous
and rank-preserving. In this section, we prove Theorem 5.3 and show that
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those two kinds of embedding coincide. We also give two other characteri-
zation of such embeddings and prove a version of it for non rank-preserving
strongly continuous embeddings (see Theorem 5.5).
For that, we need a result of [BFV20a]. For that, recall that given a
metric space X, an operator a ∈ B(ℓ2(X)) is called quasi-local if for all
ε > 0 there is S > 0 so that d(A,B) > S implies ‖χAaχB‖ ≤ ε for all
A,B ⊂ X. The norm closure of all quasi-local operators forms a C∗-algebra
called the quasi-local algebra of X; and this algebra is denoted by C∗ql(X).
Clearly, C∗u(X) ⊂ C
∗
ql(X) and it remains open whether this inclusion is an
equality; when this is so, the metric space X is called quasi-local. We know
however that this is so if X has property A ([SˇZ18, Theorem 3.3]).
Before stating [BFV20a, Theorem 4.3], notice that, if Φ : C∗u(X)→ C
∗
u(Y )
is an embedding, then (Φ(χF ))F⊂X,|F |<∞ is an increasing net of projections.
Therefore, p = SOT-
∑
x∈X Φ(exx) is well defined.
Theorem 5.1 (Theorem 4.3 of [BFV20a]). Let X and Y be u.l.f. metric
spaces, and Φ: C∗u(X) → C
∗
u(Y ) be an embedding. Then, the projection
p = SOT-
∑
x∈X Φ(exx) belong to C
∗
ql(Y ) and the map
a ∈ C∗u(X) 7→ pΦ(a)p ∈ C
∗
ql(Y )
is a strongly continuous embedding. Moreover, if Φ is compact-preserving,
then p ∈ C∗u(Y ); so the map above is a strongly continuous embedding into
C∗u(Y ).
Theorem 5.1 allows us to obtain the following characterization of strong
continuity of embeddings between uniform Roe algebras.
Corollary 5.2. Let X and Y be u.l.f. metric spaces, and Φ: C∗u(X) →
C∗u(Y ) be an embedding. Let p = SOT-
∑
x∈X Φ(exx). The following are
equivalent:
1. Φ is strongly continuous, and
2. p = Φ(1X).
Moreover, if either Y is quasi-local or Φ is compact-preserving, then the
items above are also equivalent to:
3. Φ(K(ℓ2(X))) is an essential ideal of the hereditary subalgebra of C
∗
u(Y )
generated by Φ(C∗u(X)).
Proof. (1)⇒(2) If Φ is strongly continuous, p = SOT-
∑
x∈X Φ(exx) = Φ(1X).
(2)⇒(1) This follows from Theorem 5.1.
(2)⇒(3) Let a belong to the hereditary subalgebra of C∗u(Y ) generated
by Φ(C∗u(X)). If aΦ(K(ℓ2(X))) = 0, then aΦ(
∑
x∈F exx) = 0 for all finite
F ⊂ X. So ap = aΦ(1X) = 0. As Φ(1X) is the unit of the hereditary
subalgebra of C∗u(Y ) generated by Φ(C
∗
u(X)), it follows that a = 0. Hence,
Φ(K(ℓ2(X))) is an essential ideal of Φ(C
∗
u(X)).
(3)⇒(2) By Theorem 5.1, if either Y is quasi-local or Φ is compact-
preserving, then p ∈ C∗u(Y ). Let q = Φ(1X) − p, so q ∈ C
∗
u(Y ) and
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q ≤ Φ(1X). Hence q belongs to the hereditary subalgebra of C
∗
u(Y ) gen-
erated by Φ(C∗u(X)). If a ∈ K(ℓ2(X)), then a = limn χXnaχXn , where
(Xn)n is an increasing sequence of finite subsets of X so that X =
⋃
nXn.
Then
qΦ(a) = lim
n
(
(Φ(1X)− p)Φ(χXn)Φ(aχXn)
)
= 0.
Therefore, by the arbitrariness of a and the fact that Φ(K(ℓ2(X))) is an
essential ideal of the hereditary subalgebra of C∗u(Y ) generated by Φ(C
∗
u(X)),
this implies that q = 0, i.e., p = Φ(1X). 
We point out that (3) of Corollary 5.2 cannot be weakened to “Φ(K(ℓ2(X)))
is an essential ideal of Φ(C∗u(X))”. We refer to Remark 5.4 for a further dis-
cussion on that.
The next result shows that spacially implemented embeddings and em-
beddings which are both strongly continuous and rank-preserving coincide.
Theorem 5.3. Let X and Y be u.l.f. metric spaces and Φ : C∗(X)→ C∗(Y )
be an embedding. The following are equivalent:
1. Φ is spacially implemented by an isometric embedding ℓ2(X)→ ℓ2(Y ),
2. Φ is rank-preserving and strongly continuous,
3. Φ(1X)K(ℓ2(Y ))Φ(1X) is contained in Φ(C
∗
u(X)), and
4. there is a subspace H ′ ⊂ H so that K(H ′) ⊂ Φ(C∗u(X)) and K(H
′) is
an essential ideal of the hereditary subalgebra generated by Φ(C∗u(X)).
Proof. The implication (1)⇒(2) is straightforward. Moreover, if Φ = Ad(u)
for an isometric embedding u : ℓ2(X)→ ℓ2(Y ), then
uK(ℓ2(X))u
∗ = K(Im(u)) = uu∗K(ℓ2(Y ))uu
∗ = Φ(1X)K(ℓ2(Y ))Φ(1X ).
So the implication (1)⇒(3) follows. As Φ(C∗u(X)) ⊂ B(Im(u)), K(Im(u)) is
an essential ideal of Φ(C∗u(X)). So the implication (1)⇒(4) follows.
(2)⇒(1) As Φ is rank-preserving, Φ(exx) is a rank 1 projection for each
x ∈ X. So, for each x ∈ X, pick a normalized ξx ∈ ℓ2(X) so that Φ(exx)
is the projection onto span{ξx}. Strong continuity gives that Φ(1X) =
SOT-
∑
x∈X Φ(exx). Hence, (Φ(exx))n is a maximal set of rank 1 projec-
tions for the Hilbert space H ′ = Im(Φ(1X)), so (ξn)n is an orthonormal
basis for H ′. As exy ∈ C
∗
u(X), it follows that pxy = 〈·, ξx〉ξy ∈ Φ(C
∗
u(X)) for
all x, y ∈ X. Hence, Φ(C∗u(X)) contains K(H
′).
This implies that Φ(K(ℓ2(X))) is a nontrivial ideal of K(H
′). So, the
equality Φ(K(ℓ2(X))) = K(H
′) must hold; hence there is a unitary u :
ℓ2(X)→ H
′ so that Φ(a) = uau∗ for all a ∈ K(ℓ2(X)) (see [Mur90, Theorem
2.4.8]). On can easily check that Φ = Ad(u) (cf. [SˇW13b, Lemma 3.1]).
(3)⇒(2) Let us notice that Φ(exx) has rank 1 for all x ∈ X. Indeed, if
this is not the case for some x ∈ X, there is a rank 1 projection q < Φ(exx).
As q = Φ(1X)qΦ(1X) ∈ Φ(C
∗
u(X)), there is a projection p ∈ C
∗
u(X) with
Φ(p) = q. Then 0 < p < exx; contradiction.
As Φ(exx) has rank 1 for all x ∈ X, we obtain that Φ(exy) has rank 1
for all x, y ∈ X; Φ(exy) is actually a partial isometry taking Im(Φ(exy))
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onto Im(Φ(eyy)). Therefore, Φ ↾ B(ℓ2(F )) is rank-preserving for all finite
F ⊂ X. As
⋃
F⊂X,|F |<∞B(ℓ2(F )) is dense in the finite rank operators,
it easily follows that Φ is rank-preserving. In particular, Φ is compact-
preserving.
As Φ(χF ) ≤ Φ(1X) for all F ⊂ X, we have that p ≤ Φ(1X). If this is
a strict inequality, pick a rank 1 projection p1 ≤ Φ(1X) − p. Then p1 =
Φ(1X)p1Φ(1X) ∈ Φ(C
∗
u(X)). Pick a nonzero projection p2 ∈ C
∗
u(X) with
Φ(p2) = p1. Then
‖exxp2‖ = ‖Φ(exx)Φ(p2)‖ ≤ ‖pp1‖ = 0
for all x ∈ X. So p2 = 0; contradiction. Then p = Φ(1X) and we have
Φ = Ad(p) ◦ Φ. Hence, as Φ is compact-preserving, Theorem 5.1 implies
that Φ is strongly continuous.
(4)⇒(3) Fix H ′ ⊂ H as in the hypothesis and denote by A the hereditary
C∗-algebra generated by Φ(C∗u(X)). We claim that Φ(1X) = 1H′ . Indeed, as
K(H ′) ⊂ Φ(C∗u(X)), all finite rank projections q ∈ K(H
′) are bellow Φ(1X).
Hence, 1H′ ≤ Φ(1X). Let q = Φ(1X) − 1H′ , so q ∈ A. As K(H
′)q = 0 and
K(H ′) is an essential ideal of A, q = 0.
This shows that
Φ(1X)K(ℓ2(Y ))Φ(1X) = 1H′K(ℓ2(Y ))1H′ = K(H
′) ⊂ Φ(C∗u(X)),
so we are done. 
Remark 5.4. As noticed in [BFV20a, Proposition 4.1], there are embeddings
between uniform Roe algebras which are not strongly continuous. More-
over, the embedding can also be taken to be rank-preserving. We recall the
example: Let X = {n2 | n ∈ N} and let U be a nonprincipal ultrafilter on
X. Let Φ1 : C
∗
u(X)→ C
∗
u(X) be the identity and let
Φ2(χA) =
{
χA, if A ∈ U ,
0, if A 6∈ U .
The map Φ2 extends to a ∗-homomorphism Φ2 : C
∗
u(X) → C
∗
u(X) which
sends K(ℓ2(X)) to zero. The map
Φ = Φ1 ⊕ Φ2 : a ∈ C
∗
u(X) 7→ Φ1(a)⊕ Φ2(a) ∈ C
∗
u(X) ⊕ C
∗
u(X)
is a rank-preserving embedding which is not strongly continuous. Moreover,
as C∗u(X) ⊕ C
∗
u(X) ⊂ C
∗
u(X ⊔X) (where X ⊔X is any metric space whose
metric restricted to both copies of X coincide with X’s original metric), this
map can be considered as a map C∗u(X)→ C
∗
u(X ⊔X).
Notice that K(ℓ2(X))⊕ {0} is an essential ideal of Φ(C
∗
u(X)). Therefore,
this example shows that (4) cannot be weakened to “there is a subspace
H ′ ⊂ H so that K(H ′) is an essential ideal of Φ(C∗u(X))”.
Given n ∈ N, an operator between operator algebras is called 1-to-n rank-
preserving if it sends operators of rank 1 to operators of rank n. We now
look at strongly continuous 1-to-n rank-preserving maps between uniform
Roe algebras.
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Given a metric space X and n ∈ N∪{∞}, we have a canonical embedding
In = IX,n : C
∗
u(X)→ C
∗
u(X) ⊗ B(C
n). Precisely,
In : a = [axy] 7→ SOT- lim
F⊂X,|F |<∞
∑
x,y∈F
axyexy ⊗ Idn ∈ C
∗
u(X) ⊗ B(C
n)
(if n =∞, Cn is assume to be ℓ2). In other words, identifying C
∗
u(X)⊗B(C
n)
with a subalgebra of B(ℓ2(X,C
n)) in the standard way, and thinking about
operators on B(ℓ2(X,C
n)) as X-by-X matrices with entries in B(Cn), we
have that In([axy]) = [axyIdn] for all a = [axy] ∈ C
∗
u(X). The map In is
clearly strongly continuous.
We now prove the n-version of Theorem 5.3.
Theorem 5.5. Let X and Y be u.l.f. metric spaces and Φ : C∗u(X)→ C
∗
u(Y )
be an embedding. Given n ∈ N ∪ {∞}, the following are equivalent.
1. There is an isometric embedding u : ℓ2(X,C
n) → ℓ2(Y ) so that Φ =
Ad(u) ◦ In.
2. Φ is 1-to-n rank-preserving and strongly continuous.
Proof. As In is 1-to-n rank-preserving and Ad(u) : B(ℓ2(X,C
n))→ B(ℓ2(Y ))
is rank-preserving, (1)⇒(2) follows.
(2)⇒(1) Fix x0 ∈ X. As Im(Φ(ex0x0)) has dimension n, fix a surjetive
isometry v : Cn → Im(Φ(ex0x0)). Notice that Φ(ex0x) is a partial isome-
try which takes Im(Φ(ex0x0)) isometrically onto Im(Φ(exx)), for all x ∈ X.
Define an isometric embedding u : ℓ2(X,C
n)→ ℓ2(Y ) by letting
uδx ⊗ ξ = Φ(ex0x)vξ
for all x ∈ X and all ξ ∈ Cn. So, u ↾ ℓ2({x},C
n) is a surjective isometry be-
tween ℓ2({x},C
n) and Im(Φ(exx)) for all x ∈ X. Moreover, as Φ is strongly
continuous, u is an isometry onto
H = span{Im(Φ(exx)) | x ∈ X} = Im(Φ(1X )).
In particular, u∗[H⊥] = 0.
Let us notice that Φ = Ad(u)◦In. As Φ is strongly continuous, it is enough
to show that Φ(exy) = Ad(u) ◦ In(exy) for all x, y ∈ X. Fix x, y ∈ X. As
u∗[H⊥] = 0 and Φ(exy)ξ = 0 for all ξ ∈ H
⊥, it is enough to show that
Φ(exy)ξ = Ad(u) ◦ In(exy)ξ for all ξ ∈ H.
Fix ξ ∈ H. As
H =
(⊕
x∈X
Im(Φ(exx))
)
ℓ2
,
write ξ = (ξx)x∈X where ξx ∈ Im(Φ(exx)) for each x ∈ X. If z 6= x,
Φ(exx)ξz = 0 as Φ(exx) and Φ(ezz) are orthogonal projections. As u
∗(ξz) ∈
ℓ2({z},C
n), we also have that
Ad(u) ◦ In(exy)ξz = uexy ⊗ Idnu
∗ξz = 0.
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Hence, we only need to notice that Φ(exy)ξx = Ad(u) ◦ In(exy)ξx. This
follows since the formula of u gives that
uexy ⊗ Idnu
∗ξz = Φ(ex0y)vv
∗Φ(exx0)ξx = Φ(ex0y)Φ(exx0)ξx = Φ(exy)ξx,
so we are done. 
6. Questions
We finish the paper with a selection of natural questions left unsolved.
Firstly, when working with quotient maps, it is natural to look at sections
of such maps. Recall, given a surjection f : X → Y , we say that a map
g : Y → X is a section of f if f ◦g = IdY . In the coarse category, the notion
of coarse-section is more natural: precisely, g : Y → X is a coarse-section of
f if it is coarse and f ◦ g ∼ IdY . The following is straightforward.
Proposition 6.1. Let f : X → Y be a coarse quotient between metric
spaces. If g : Y → X is a section of f which is coarse, then g : Y → g(Y )
is a bijective coarse equivalence. If g : Y → X is a coarse-section of f , then
g : Y → g(Y ) is a coarse equivalence. 
Finding conditions for the existence of a coarse-section of a given coarse
quotient would be interesting. More generally:
Problem 6.2. Let X and Y be u.l.f. metric spaces and assume that there
is a uniformy finite-to-one coarse quotient X → Y . Does Y coarsely embed
into X?
While Theorem 1.2 gives us an embedding with cobounded range, The-
orem 1.3 assumes strong-coboundedness on the embedding. Without as-
suming some further structure on the metric space X, we do not know if a
bijective coarse quotient is enough to obtain an embeddings with strongly-
cobounded range (see Remark 4.3).
Problem 6.3. Let X and Y be u.l.f. metric spaces, and f : X → Y be a
bijective coarse quotient map. Is there an embedding Φ : C∗u(X) → C
∗
u(Y )
with strongly-cobounded range so that Φ(ℓ∞(X)) is a Cartan subalgebra of
C∗u(Y )?
Although Corollary 3.7 shows that the existence of a uniformly finite-to-
one coarse quotient X → Y gives us that Y has finite asymptotic dimension
provided that the same holds for X, we do not have a precise bounded for
asydim(Y ).
Problem 6.4. Say X and Y are u.l.f. metric spaces, and assume that
there is a uniformly finite-to-one coarse map X → Y . Does it follows that
asydim(Y ) ≤ asydim(X)?
It is known that, for proper metric spaces X with asydim(X) < ∞, we
have that asydim(X) = dim(νX), where νX is the Higson corona of X (see
[Dra00, Theorem 6.2] for this result and [Roe03, Subsection 2.3] for details
COARSE QUOTIENTS AND UNIFORM ROE ALGEBRAS 23
on the Higson corona). Hence, in order to give a positive answer to Problem
6.4, it would be enough to give a positive answer to the following problem:
Problem 6.5. Let X and Y be u.l.f. metric spaces and assume that there is
a bijective coarse quotient X → Y . Does it follow that dim(νX) = dim(νY )?
A positive answer to the next problem would be very useful in order to
extend the current rigidity results in the literature to non rank-reserving
embeddings C∗u(X)→ C
∗
u(Y ).
Problem 6.6. Can v : Cn → Im(Φ(ex0x0)) in the proof of Theorem 5.5 be
chosen so that Ad(u)(C∗u(X) ⊗Mn(C)) ⊂ C
∗
u(Y )?
On a different direction, but still trying to better understand non rank-
reserving embeddings C∗u(X) → C
∗
u(Y ), a version of Theorem 5.1 would be
very interesting.
Problem 6.7. Let X and Y be u.l.f. metric spaces, and Φ: C∗u(X)→ C
∗
u(Y )
be an embedding. Is there a projection p ∈ C∗u(Y ) so that the map
a ∈ C∗u(X) 7→ pΦ(a)p ∈ C
∗
ql(Y )
is a rank-preserving embedding?
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